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Abstract
A relation between gravity on Poisson manifolds proposed in [1] and Einstein gravity is
investigated. The compatibility of the Poisson and Riemann structures defines a unique con-
nection, the contravariant Levi-Civita connection, and leads to the idea of the contravariant
gravity. The Einstein-Hilbert-type action yields an equation of motion which is written in
terms of the analog of the Einstein tensor, and it includes couplings between the metric
and the Poisson tensor. The study of the Weyl transformation reveals properties of those
interactions. It is argued that this theory can have an equivalent description as a system
of Einstein gravity coupled to matter. As an example, it is shown that the contravariant
gravity on a two-dimensional Poisson manifold can be described by a real scalar field coupled
to the metric in a specific manner.
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1 Introduction
Both Riemann and Poisson structures play significant roles in physics and mathematics. The
former provides us with a geometrical intuition about spacetime and gravity, while the latter
provides us with a geometrical intuition about the time evolution of a system and quantization.
Here, we investigate the interplay between these two structures through a consideration on
gravity on Poisson manifolds.
In quantum mechanics, it is well-known that a point in phase space can only be determined
to an accuracy of the order of Planck’s constant ~. The Heisenberg uncertainty principle can be
regarded as a measure of the noncommutativity in the quantum world. The Poisson structure in
phase space appears as a semi-classical approximation of the quantized system. Analogously, a
Poisson structure of spacetime can be interpreted as a semi-classical approximation of the spatial
noncommutativity. The idea of noncommutative spacetime can be traced back to Snyder [2].
Since then the application of this idea to physics, especially to gravity, has been discussed
intensively in the literature [3, 4]. For a review see for example [5, 6].
Recently, in the string theory context the concept of a minimal length is discussed. It is
argued that it can be understood as an origin of noncommutativity in probing spacetime geome-
try [7,8]. For review see for example [9]. There is also a proposal of gravity on noncommutative
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spacetime in relation with deformation quantization [10, 11]. It is based on the quantization of
the diffeomorphism by twisting the Hopf algebra structure and there, a noncommutative algebra
is formulated by the star product. See also [12].
One possible scenario would be that a gravity theory on noncommutative spaces gives an ef-
fective theory of quantum gravity. The noncommutativity should be very small and the effective
theory can be described well by a semi-classical approximation. We can imagine that the relic
of noncommutativity appears as a Poisson structure, and that the resulting Poisson structure
should be compatible with the Riemann structure. From this point of view, gravity on non-
commutative spaces and its semi-classical approximation, i.e. a gravity on Poisson manifolds,
should be issues worthy of being studied.
The gravity on Poisson manifolds, which we refer here to as contravariant gravity, is for-
mulated by Riemannian geometry compatible with a Poisson structure. The corresponding
geometry is specified by a unique connection consisting of a Riemannian metric and a Poisson
tensor, called the contravariant Levi-Civita connection. Such a geometry has been advocated
in physics [1, 13] as well as in mathematics [14–18]. This geometry enables us to introduce the
Poisson tensor as an intrinsic geometrical degree of freedom rather than a matter degree of
freedom.
It is an interesting question to ask how the effect of the Poisson tensor incorporated in the
geometry of contravariant gravity looks like. Can the effect be represented as a matter field in
the usual Einstein gravity? Similar considerations are also found, for example, in Kaluza-Klein
theory, where a five-dimensional metric governed by the Einstein-Hilbert action is decomposed
into a four-dimensional metric, a U(1) gauge field and a real scalar field, forming the four-
dimensional Einstein-Maxwell dilaton theory. The aim of this article is to shed some light on
these issues.
The organization of this article is as follows. In section 2, we give a brief review on the
Riemannian geometry relevant for the contravariant gravity. The invariant measure and the
divergence theorem are also discussed. In section 3 we give an action which describes the
Einstein-Hilbert action in such a geometry. This theory, i.e. the contravariant gravity, incor-
porates the Poisson tensor as a geometrical degree of freedom on an equal footing with the
metric, rather than a matter degree of freedom. Then, we discuss the equation of motion and
a field redefinition given by a Weyl transformation. In section 4 we give a concrete example
by applying the field redefinition to the action of our theory to the case of a two-dimensional
Poisson-Riemannian manifold. It is shown that the theory has another description by Einstein
gravity coupling to a real scalar field in a specific manner. The final section is devoted to sum-
mary and discussions. Appendices are for reference to the reader, making a brief introduction
to the Lie algebroid induced by a Poisson structure and the Riemannian geometry based on the
algebroid, and presenting some computational details.
2
2 Overview of Riemannian Geometry on Poisson Manifolds
In this section we introduce a geometry describing gravity on a Poisson manifolds, which we
call “contravariant gravity”. This geometry is based on a unique connection specified by the
metric-compatibility and the torsion-free conditions [1,13]. See also [14–18]. We give a summary
on the definitions of geometrical notions as well as our notations in appendix A.
2.1 Contravariant Derivatives, Torsion and Curvature
Let M be an n-dimensional Poisson-Riemannian manifold equipped with a Poisson tensor
θ ∈ Γ(∧2TM) and a Riemannian metric G ∈ Γ(⊗2Sym(TM)). The contravariant Levi-Civita
connection ∇¯ : Γ(T ∗M)× Γ(T ∗M)→ Γ(T ∗M) is defined by
∇¯dxidxj = Γ¯ijk dxk, (2.1)
where
Γ¯ijk =
1
2
Gmk
(
θil∂lG
jm + θjl∂lG
im − θml∂lGij +Glj∂lθmi +Gli∂lθmj +Glm∂lθij
)
, (2.2)
for θij = θ(dxi, dxj) and Gij = G(dxi, dxj) on a local patch {xi}. For any one-forms ξ = ξidxi
and η = ηidx
i, the definition of the connection (A.3) gives the following expression
∇¯ξη = ξi(θij∂jηk + Γ¯ijk ηj)dxk. (2.3)
In general, the contravariant derivative ∇¯ξ for an (r, s)-tensor field is given by
∇¯ξT i1···irj1···js = ξk

θkl∂lT i1···irj1···js +
s∑
q=1
Γ¯kljqT
i1···ir
j1···l···js −
r∑
p=1
Γ¯
kip
l T
i1···l···ir
j1···js

 . (2.4)
The contravariant Levi-Civita connection (2.2) is specified as the unique solution compatible
with the metricity ∇¯dxkGij = 0 and the torsion-free condition:
T¯ (ξ, η) := ∇¯ξη − ∇¯ηξ − [ξ, η]θ = 0. (2.5)
It also satisfies
L¯ξG(η, ζ) = G(∇¯ξη, ζ) +G(η, ∇¯ξζ). (2.6)
Here L¯ stands for the contravariant Lie derivative, acting on a function f as
L¯dxif = θij∂jf, (2.7)
and [ , ]θ denotes the Koszul bracket, which is defined for one-forms ξ = ξidx
i and η = ηidx
i as
[ξ, η]θ =
(
ξkθ
kl∂lηi − (θlk∂kξi + ∂iθlkξk)ηl
)
dxi (≡ L¯ξη). (2.8)
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The contravariant Lie derivative acting on a tensor of type (r, s) is defined by
L¯ξT i1···irj1···js = ξkθkl∂lT i1···irj1···js −
s∑
q=1
(Mξ)
l
jqT
i1···ir
j1···l···js +
r∑
p=1
(Mξ)
ip
lT
i1···l···ir
j1···js , (2.9)
where we have introduced a matrix
(Mξ)
i
j = θ
ik∂kξj + ∂jθ
ikξk. (2.10)
For a derivation of these formulas, see reference [1].
The curvature tensor is defined by
R¯
kij
l dx
l :=(∇¯dxi∇¯dxj − ∇¯dxj ∇¯dxi − ∇¯[dxi,dxj ]θ)dxk (2.11)
=(θim∂mΓ¯
jk
l − θjm∂mΓ¯ikl − ∂nθijΓ¯nkl + Γ¯jkm Γ¯iml − Γ¯ikmΓ¯jml )dxl. (2.12)
The corresponding Ricci tensor is defined by contracting an upper index of the curvature tensor
with a lower one, R¯kj := R¯kljl . Then, the scalar curvature is obtained by taking a contraction
between the metric G and the Ricci tensor:
R¯ := GijR¯
ij = GijR¯ij , (2.13)
where GikG
kj = δji and R¯ij = GikGjlR¯
kl. The curvature satisfies the following Bianchi identities
R¯
kij
l + R¯
ijk
l + R¯
jki
l = 0, (2.14)
∇¯dxkR¯mijl + ∇¯dxiR¯mjkl + ∇¯dxj R¯mkil = 0. (2.15)
In addition to these identities, there is an additional identity
R¯mkij = −R¯kmij. (2.16)
This property, together with the Bianchi identity, guarantees that the Ricci tensor is a symmetric
tensor. We can also define an analog of the Einstein tensor of the form
G¯ij = R¯ij − 1
2
GijR¯, (2.17)
which satisfies
∇¯dxkGkiG¯ij = 0, (2.18)
owing to the Bianchi identities (2.14) and (2.15).
2.2 Transformation Laws of Gij and G = detGij
The contravariant Lie derivative (2.9) of the metric tensor Gij can be written in terms of the
contravariant derivatives (2.4) as
L¯ξGkl = ∇¯dxk(ξiGil) + ∇¯dxl(ξiGki), (2.19)
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where we used a fact that ∇¯dxkGij = 0. This is a contravariant counterpart of LXgij = ∇iXj +
∇jXi in the usual Riemannian geometry. It is also shown that the Kronecker delta is invariant
under the contravariant Lie derivatives: L¯ξδkl = 0. Then we obtain
L¯ξGij = −Gik(L¯ξGkl)Glj . (2.20)
Introducing G−1 = (detGij)−1 = detGij , we find
L¯ξ
√
G−1 =
1
2
√
G−1GijL¯ξGij = −
√
G−1∇¯dxiξi. (2.21)
Using an identity
√
G−1Γ¯jij = −∂j(
√
G−1θij), (2.22)
we find a useful relation:
√
G−1∇¯dxiξi = ∂j(
√
G−1θijξi) + 2
√
G−1Γ¯jij ξi. (2.23)
There is a crucial difference between the above relation and the one in usual Riemannian geom-
etry: The covariant counterpart is given by
√
g∇iXi = ∂i(√gXi), (2.24)
which plays an important role in the proof of the general covariance of the action integral. On the
other hand, in the contravariant geometry the quantity Γ¯jij in (2.23) arises as an obstruction to
the “covariance” of the na¨ıve integral measure
√
G−1dnx. This obstruction forces us to introduce
an additional factor into the invariant measure. For later purpose, we note the following relation:
For any scalar F , we have
L¯ξ(F
√
G−1) = ∂j(F
√
G−1ξiθij) + F
√
G−1θij(∂iξj − ∂jξi), (2.25)
which is shown by using (2.21) and (2.22).
2.3 Divergence Theorem and Invariant Measure
As discussed above, a na¨ıve integral measure
√
G−1 fails to give a measure invariant under the
contravariant Lie derivatives. The invariance is broken by the existence of Γ¯jij in (2.23). The
removal of this obstruction has already been discussed in [1], where an invariant measure is
constructed by multiplying
√
G−1 by a scalar factor eφ. However, we conclude that it is not
possible to obtain an integral which is fully invariant under the contravariant Lie derivatives,
due to (2.25). We give details on this issue in the latter half of this subsection.
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Divergence Theorem As in usual Riemannian geometry, we can also formulate the diver-
gence theorem (2.24) in contravariant differential calculus. An invariant measure eφ
√
G−1 sat-
isfies the “divergence theorem” if it holds
eφ
√
G−1∇¯dxiξi = ∂j(eφ
√
G−1ξiθij). (2.26)
This requirement imposes a condition on φ:
θij∂jφ = 2Γ¯
ji
j = −
2√
G−1
∂j(
√
G−1θij). (2.27)
The proof is as follows: Take the derivation in right-hand side of (2.26) then substitute (2.27)
for θij∂jφ. Using the formula of Γ¯
ji
j , we obtain the left-hand side.
Note that Γ¯ = Γ¯iji ∂j defines a vector field (see appendix A). By a straightforward compu-
tation, this vector Γ¯ turns out to be dθ-closed. Thus, it makes sense to ask whether the vector
Γ¯ is dθ-exact or not. The condition (2.27) is nothing but dθ-exactness of Γ¯. In this article, we
assume that the vector field Γ¯ is a trivial element of the first dθ-cohomology, i.e., there exists a
function φ satisfying the equation (2.27).
In the case where the Poisson tensor is invertible, i.e. there exists a symplectic structure,
the equation (2.27) can be solved by the ansatz
φ = − log (det(θij) det(Gkl)) . (2.28)
It is straightforward to show that this ansatz solves the condition (2.27).
Invariant Measure Here we discuss about the measure which is invariant under the trans-
formation generated by the contravariant Lie derivatives. We see that it is impossible to obtain
an integral which has full invariance. It turns out that we have to restrict the transformation
by imposing a condition on the transformation parameter.
Let us first consider the general condition for the invariant measure:
L¯ξ(eφ
√
G−1) = C ∂j(eφ
√
G−1ξiθij). (2.29)
The above requirement guarantees the invariance of the measure eφ
√
G−1 itself4. In order to
define an invariant action, we have also to require invariance of an integration with a scalar
function. The condition (2.29) gives the relation for any scalar integrand F
L¯ξ(eφ
√
G−1F ) = ∂j(eφ
√
G−1ξiθijF ) + (C − 1)∂j(eφ
√
G−1ξiθij)F. (2.30)
Hence, we have to require C = 1 5.
4In [1] C = −1 is realized for any one-form ξ, by setting θij∂jφ = Γ¯jij . This condition for φ can be re-expressed
as ∂j(e
φ
√
G−1θij) = 0.
5One may impose ∂j(e
φ
√
G−1ξiθ
ij) = 0. But this condition involves a one-form ξ and the argument is carried
out in a parallel manner with that in the main body. This is reduced to the case when we set θij∂jφ = Γ¯
ji
j .
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However, the condition (2.29) with C = 1 can not be realized for a general one-form ξ, since
the second term in (2.25) can not be canceled out by any choice of φ. Therefore, in order to
satisfy (2.29), the second term on the right-hand side in equation (2.25) should vanish. This
means that we have to restrict the transformation to the covariant Lie derivatives induced by
the one-form ξ satisfying
θ(dξ) = θij(∂iξj − ∂jξi) = 0. (2.31)
When the parameter is restricted by this condition, from (2.25), we automatically obtain (2.29)
with C = 1.
3 Gravity on Poisson Manifolds
In this section, we investigate a gravity theory based on the contravariant Levi-Civita connection.
We investigate the analog of the Einstein-Hilbert action defined by the scalar curvature (2.13) [1].
First we derive the corresponding equation of motion and show that it is given by an analog of
the Einstein tensor. Then, we perform the Weyl transformation for this Einstein-Hilbert action
and discuss how the Poisson tensor couples to the gravity.
3.1 Contravariant Gravity Theory
As we discussed in the previous section, in order to define the invariant action with the scalar
curvature, we restrict the transformation parameter 1-form ξ as θ(dξ) = 0. Furthermore, we
take the measure satisfying the divergence theorem (2.26). Thus, the measure is defined with
the factor eφ defined by the condition (2.27).
The action of contravariant gravity is defined by
S =
∫
dnxeφ
√
G−1R¯, (3.1)
where
θij∂jφ = − 2√
G−1
∂j(
√
G−1θij). (3.2)
We note that a variation of the scalar function φ = φ[θ,G] must also be taken into account when
we take the variation of the metric to obtain the equation of motion.
Varying the Lagrangian density with respect to the metric, we find
δ(eφ
√
G−1R¯) = eφ
√
G−1GijδR¯ij + eφ
√
G−1δGijR¯ij + eφδ
√
G−1R¯+ δφeφ
√
G−1R¯. (3.3)
Since the scalar φ is a solution of the partial differential equation (2.27), we must also consider
its variation δφ:
δφ = φ[θ,G+ δG] − φ[θ,G]. (3.4)
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This implies
θij∂iδφ = θ
ij∂i(φ[θ,G+ δG]− φ[θ,G])
= −2θij∂iδ(log
√
G−1). (3.5)
We find that a solution is given by
δφ = −2δ(log
√
G−1) =
−2√
G−1
δ
√
G−1. (3.6)
To derive the variation of the Ricci tensor, we first examine the variation of the Riemann
tensor δR¯kijl . As mentioned in appendix A, the difference of the connection coefficients δΓ¯
ij
k =
Γ¯ijk [G+ δG, θ] − Γ¯ijk [G, θ] is a tensor, and thus, its contravariant derivative is well-defined:
∇¯dxiδΓ¯jkl =θim∂mδΓ¯jkl + δΓ¯jkm Γ¯iml − δΓ¯mkl Γ¯ijm − δΓ¯jml Γ¯ikm. (3.7)
We find
δR¯
kij
l = ∇¯dxiδΓ¯jkl − ∇¯dxjδΓ¯ikl , (3.8)
where we used Γ¯ijm − Γ¯jim = ∂mθij. Using the above relation, the variation of the Ricci tensor is
obtained by taking a contraction with the metric. Using (2.23) and the definition of φ, (2.27),
we obtain
eφ
√
G−1GijδR¯ij = ∂m[eφθlm
√
G−1(GijδΓ¯
ji
l −GilδΓ¯jij )], (3.9)
where we used the divergence theorem (2.26). As a result, the variation of the action with
respect to the metric reads
δS =
∫
dnx
{
eφ
√
G−1
(
R¯ij − 1
2
GijR¯
)
δGij + ∂[. . . ]
}
. (3.10)
Thus, the equation of motion of the metric Gij is
R¯ij − 1
2
GijR¯ = 0. (3.11)
The left-hand side is nothing but the analog of the Einstein tensor G¯ij defined in (2.17).
Let us comment on the possible terms one may add to the Einstein-Hilbert action. As usual,
one can add a cosmological constant term
Sc = 2Λ
∫
dnxeφ
√
G−1. (3.12)
Using the equation (3.6), we find that the variation of the cosmological constant term gives
δSc = 2Λ
∫
dnx(δφeφ
√
G−1 + eφδ
√
G−1) (3.13)
= −2Λ
∫
dnxeφδ
√
G−1 = −Λ
∫
dnxeφ
√
G−1GijδGij . (3.14)
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It contributes to the equation of motion as follows
R¯ij − 1
2
GijR¯ = ΛGij . (3.15)
In principle, we can add any diffeomorphism invariant terms to the Einstein-Hilbert-type
action, such as R¯2, the Weyl tensor etc. It is also interesting to discuss an analog of the
Gibbons-Hawking term when a Poisson manifold has boundaries. In the following section, we
mainly focus on the action of the Einstein-Hilbert term (3.1).
3.2 Weyl Transformation
We have introduced a scalar degree of freedom φ to keep the divergence theorem (2.26), and
derived the Einstein equation (3.11). However, its physical interpretation is less clear. Na¨ıvely,
one might think that it originates from a dilaton field. In this subsection, we consider the Weyl
transformation and provide transformation rules for the Riemann tensor and the scalar field φ.
We also show that an analog of the Weyl tensor can be defined.
Let us consider the Weyl transformation given by
Gij −→ G˜ij = e2ΩGij , (3.16)
where Ω is an arbitrary function on the manifold. We assume that the Poisson tensor does not
change under the Weyl transformation. The coefficients Γ¯ijk of the contravariant Levi-Civita
connection are transformed as
˜¯Γijk =Γ¯
ij
k +Gmk
(
Gjmθil +Gimθjl −Gijθml)∂lΩ. (3.17)
The curvature tensor becomes
˜¯Rkijl = R¯
kij
l + L¯
kij
l , (3.18)
where
L¯
kij
l = δ
j
lB
ik − δilBjk −GjkGlmBim +GikGlmBjm, (3.19)
Bik = ∇¯dxi(θkj∂jΩ)− (θij∂jΩ)(θkl∂lΩ) +
1
2
GikGjl(θ
jm∂mΩ)(θ
ln∂nΩ). (3.20)
For n-dimensional manifolds, the Weyl transformations of the Ricci tensor and the corresponding
Ricci scalar are
˜¯Rij = R¯ij − (n− 2)Bji −GijGklBkl, (3.21)
e2Ω ˜¯R = R¯− 2(n− 1)GijBij. (3.22)
Here, we consider the Weyl transformation of the Einstein-Hilbert action. We note that under
the Weyl transformation the scalar field φ transforms
φ→ φ˜ = φ+ 2nΩ, (3.23)
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since the scalar field φ solves the partial differential equation (2.27). It yields
eφ˜
√
G˜−1 ˜¯R = e(n−2)Ωeφ
√
G−1
(
R¯+GkjL¯
kij
i
)
. (3.24)
Therefore, we can eliminate the scalar field φ, which appears in the prefactor of the Einstein-
Hilbert action, by performing the Weyl transformation. We will show that the two-dimensional
contravariant gravity theory can be rephrased in terms of the usual Einstein-Hilbert action.
It is notable that we also find an analog of the Weyl tensor of the form
C
kij
l =R¯
kij
l +
1
n− 2(δ
j
l R¯
ki − δil R¯kj −GjkGlmR¯mi +GikGlmR¯mj)
+
1
(n− 1)(n − 2)(δ
j
lG
ik − δilGjk)R¯. (3.25)
We can check the Weyl invariance of the Weyl tensor as follows. According to the equations
(3.21) and (3.22), we find that
Bij =
1
n− 2(R¯
ij − ˜¯Rij) + 1
2(n− 1)(n − 2)(G
ijR¯− G˜ij ˜¯R). (3.26)
By substituting (3.26) into the equation (3.18), we see that the Weyl tensor Ckijl is invariant
under the Weyl transformation.
Before closing this section, we remark the local scale transformation of the Poisson tensor.
In the contravariant gravity theory, we consider both the Poisson tensor and the metric tensor
as geometric objects, and we should treat them equally and independently. As we have seen,
we can consider any local parameter Ω for the Weyl transformation G˜ij = e2ΩGij . However,
we must restrict the local parameter ω for the transformation θˆij = e2ωθij, because the Poisson
condition does not hold unless dθω = 0. Therefore, compared to the Weyl transformation, the
scale transformation of the Poisson tensor is limited.
4 Gravity on Two-Dimensional Poisson Manifolds
In the previous section, we analyzed general properties of the gravity theory on a Poisson-
Riemannian manifold. For a more concrete discussion, we consider the case of a two-dimensional
Poisson-Riemannian manifold (M,g = G−1, θ) in detail. We reveal the interaction terms between
the metric and the Poisson tensor explicitly.
In two dimensions the Poisson tensor has a form
θij =
(
0 θ
−θ 0
)
. (4.1)
For any function θ on the manifold, the Poisson condition is satisfied because no three-vector
exists on two-dimensional manifolds. Here, we mention that the combination
√
G−1θ =
√
gθ, (4.2)
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is invariant under diffeomorphisms, since θ behaves in the same way as d2x. It is convenient to
use the combination (4.2) to discuss interactions between the Poisson tensor θij and the metric
gij = (G
−1)ij , gij = Gij .
Next, we consider the constraint on the scalar field φ, which is given by (2.27). On the
two-dimensional manifold M , the equation reduces to
√
G−1θ∂iφ = −2∂i(
√
G−1θ). (4.3)
The general solution for φ is given by
eφ = C(
√
G−1θ)−2, (4.4)
where C is an arbitrary constant. Therefore the Einstein-Hilbert-type action (3.1) takes the
form
S = C
∫
d2x
1
θ2G−1
√
G−1R¯. (4.5)
Field Redefinition We start with the action of the form
S =
∫
d2x
1
θ2G−1
√
G−1R¯, (4.6)
where the constant C in eq. (4.5) is set to unity for simplicity. The action can be written as
(see appendix C.1)
S =
∫
d2x
√
g
(
R+
2
σ
∇i∂iσ − 1
σ2
∂iσ∂iσ
)
, (4.7)
with introducing a scalar degree of freedom defined by
σ =
√
G−1θ, (4.8)
where the symbol ∇ represents a covariant derivative with respect to the usual Levi-Civita
connection. In this article, we assume that the Poisson manifold does not have a boundary.
Then, we can do an integration by parts freely and obtain the action of the form
S =
∫
d2x
√
g
(
R+ gij∂iπ∂jπ
)
, (4.9)
where we have introduced a redefined scalar degree of freedom π defined by
π = log σ = log(
√
gθ). (4.10)
Therefore, we get a free scalar field theory on a two-dimensional Riemannian manifold.
On the other hand, we could have considered the field redefinition by performing a Weyl
transform applying to (4.6). The observation here gives a non-trivial consistency check to the
formula under the Weyl transformation. The resultant action is
S =
∫
d2x
1
θ2G−1
√
G−1(R¯+GkjL¯
kij
i ), (4.11)
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with setting the Weyl transformation parameter as
Ω = log σ. (4.12)
We must reach the same result as above. Again, referring to appendix C.1, the action can be
written as
S =
∫
d2x
√
g
(
R+
2
σ
∇i∂iσ − 1
σ2
∂iσ∂iσ +
1
σ2
GkjL
kij
i
)
. (4.13)
With some manipulations we find (see appendix C.2)
GkjL
kij
i = 2∂
iσ∂iσ − 2σ∇i∂iσ, (4.14)
and these terms turn out to give a surface term, together with the invariant measure:∫
d2x
√
g
σ2
GkjL
kij
i = −
∫
d2x ∂i
(√
g
1
σ
Gij∂jσ
)
, (4.15)
which does not change the equation of motion, but modifies the action equivalently to doing an
integration by parts. Then, the contravariant Einstein-Hilbert action becomes
S =
∫
d2x
√
g
(
R+
1
σ2
Gij∂iσ∂jσ
)
(4.16)
=
∫
d2x
√
g
(
R+ gij∂iπ∂jπ
)
, (4.17)
as obtained in the above.
Cosmological Constant Under the solution of a scalar field (4.4), the cosmological constant
term (3.12) gives an interaction term of σ:
Sc = 2Λ
∫
d2xeφ
√
G−1 = 2Λ
∫
d2x
√
gσ−2. (4.18)
In terms of π, the total action is
S + Sc = C
∫
d2x
√
g
(
R+ gij∂iπ∂jπ + 2Λe
−2π) . (4.19)
5 Conclusion and Discussion
In this paper, we studied the gravity theory based on the contravariant Levi-Civita connection
on Poisson manifolds. In particular, we investigated the Einstein-Hilbert-type action given by
the scalar curvature constructed from the contravariant Levi-Civita connection. We analyzed
the property of the invariant measure and found that for the transformation generated by the
contravariant Lie derivative L¯ξ, the invariant measure can be defined only when we impose the
condition θ(dξ) = 0 on the parameter one-form ξ.
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We also discussed about the divergence theorem. We found that it is necessary to introduce
an additional factor eφ in the invariant measure which satisfies the partial differential equation
(2.27). The reason is that as shown in (2.23), the divergence given by the contravariant Levi-
Civita connection does not become a surface term with the na¨ıve invariant measure. In terms of
the dθ-cohomology, the differential equation (2.27) which defines φ implies that the one-vector
Γ¯iji ∂j is dθ-exact. Although the vector field Γ¯
ij
i ∂j is dθ-closed for any Poisson tensor θ, it is
not necessarily exact in general. In this article we assume that Γ¯iji ∂j is exact. Therefore, the
scalar field φ is always expressed by the metric and the Poisson tensor. It would be interesting
to consider a generalization of the differential equation to the gravity theory with nontrivial
dθ-cohomology.
We proposed an analog of the Einstein-Hilbert action (3.1) with an invariant measure which is
consistent with the divergence theorem. Then, we derived the equation of motion for the metric
Gij . This equation is written by the analog of the Einstein tensor (2.17) in the contravariant
gravity theory. Note that we can also add a cosmological term.
The Weyl transformation of the Riemann tensor in the contravariant theories is established.
Its behavior under the Weyl transformation is very similar to the behavior of the ordinary
Riemann tensor of the usual Levi-Civita connection. The scalar field φ transforms under the
Weyl transformation is compatible with the condition (2.27). In addition, we could absorb the
dilaton-like coupling of the scalar field φ in the contravariant Einstein-Hilbert action, i.e. we
could move to the Einstein frame in the contravariant gravity theory.
Furthermore, we discussed in detail the interaction between the Poisson tensor and the metric
on the two-dimensional Poisson manifold. In this case, we solved the differential equation (2.27)
without any assumption for the Poisson tensor and the metric, and we gave an explicit form of the
contravariant Einstein-Hilbert action. In addition, we showed that the action can be expressed
by the ordinary Einstein-Hilbert action coupled to a free scalar field π. We also discussed the
interaction term induced by the cosmological constant term. The interaction turned out to be
described by an exponential potential of the scalar field π in the usual Einstein theory.
There are some interesting future directions to study the contravariant gravity theory. In
general, we can add all possible terms which are compatible with contravariant gravity, for
instance a kinetic term of the Poisson tensor. It would also be natural to ask whether one can
move on to noncommutative spaces, applying the quantization of the Poisson structure in [19].
In this sense, as we mentioned in the introduction, our theory may be related to gravity theories
on noncommutative spaces discussed in the purely mathematical as well as in the string/M-
theoretical literature, such as [3, 4, 9–12,20–24].
Recently, a notion of emergent geometry has been discussed within matrix theoretic and
noncommutative geometric frameworks [25–29]. In those considerations, the Poisson tensor
plays a role as significant as the metric. Recalling that our theory handles the Poisson tensor on
an equal footing with the metric, it would be interesting to apply our framework to geometries
arising from matrix models of superstring theory and M-theory, especially those equipped with
the Ka¨hler structure [30–33].
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It would be also interesting to use our framework for the description of effective theories of
superstring theory. Actually, our original motivation to introduce the gravity with the (quasi-)
Poisson structure and, as it turned out, with the contravariant Levi-Civita connection was to
describe aspects of T-duality such as non-geometric background fields, e.g. R-flux [1,13,34–40].
In these references, the same connection is utilized to formulate the non-geometric fluxes. On
the other hand, the non-geometric background with Poisson structure is also analyzed by using
the supergeometric method in a recent study [41]. It is also interesting to discuss the gravity
theory with Poisson structure from the supergeometric point of view [42–46].
Finally, one can consider the contravariant gravity theory in odd-dimensional spacetime
where the Poisson tensor must be degenerate. Note that we did not need the non-degeneracy
of the Poisson tensor in our analysis. The degeneracy would clarify the difference between the
gravity theory based on the contravariant Levi-Civita connection and that of the usual Levi-
Civita connection, since the degeneracy of the Poisson tensor gives rise to a degeneracy of the
contravariant Lie derivatives, which then might fail to generate full diffeomorphisms. This defect
of diffeomorphisms would give new aspects in the gravity theory. The dimensional reduction
has a similar effect. Along this line, a dimensional reduction has been already discussed in
part on the Courant algebroid level [47]. As a related study, the (generalized) Einstein-Hilbert
actions and their dimensional reductions have been also discussed from a viewpoint based on
the Courant/Leibniz algebroid by [48, 49]. Besides, in odd-dimensional spaces there are the
contact structure, the Jacobi structure and the Nambu-Poisson structure, as specific structures
related to the Poisson structure. It is an open question how the gravity theory coupled to such
structures could be realized. The investigation of these structures is a near future project and
we hope that this will shed some light on the properties of odd-dimensional noncommutative
and nonassociative spaces.
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A Note on Riemannian Geometry on Poisson Manifolds
In this section we give a brief note on how one can build the notion of Riemannian geometry
on Poisson manifolds. First, in order to fix our conventions, we give a quick review on a Lie
algebroid of one-forms induced by a Poisson structure on Poisson manifolds. Precise statements
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and detailed arguments can be found in [1, 13] and also in [14–18]. Based on the Lie algebroid,
we define a contravariant affine connection, its torsion and curvature tensors.
Lie Algebroid on Poisson Manifolds LetM be an n-dimensional Poisson manifold equipped
with a Poisson tensor θ ∈ Γ(∧2TM), which satisfies the condition [θ, θ]S = 0. Here [·, ·]S stands
for the Schouten-Nijenhuis bracket. A Lie algebroid on the manifold M is defined by a triple
(T ∗M, θ, [·, ·]θ): T ∗M is the cotangent bundle over M ; the anchor map θ : T ∗M → TM is given
by the Poisson tensor through θ(ξ) = ι¯ξθ for ξ ∈ Γ(T ∗M); and the Lie bracket is given by
[ξ, η]θ = Lθ(ξ)η − iθ(η)dξ, (A.1)
called the Koszul bracket.
An exterior derivative dθ = [θ, ·]S , an interior product ι¯ζ and a Lie derivative L¯ζ = {dθ, ι¯ζ}
with respect to a one-form ζ ∈ Γ(T ∗M) acting on polyvectors Γ(∧•TM) are defined. Due to the
Poisson condition, the nilpotency of the exterior derivative, d2θ = 0, is guaranteed, so that the
exterior derivative dθ defines the dθ-cohomology. These operations satisfy the Cartan relations
{ι¯ξ, ι¯η} = 0, {dθ, ι¯ξ} = L¯ξ, [L¯ξ, ι¯η] = ι¯[ξ,η]θ , [L¯ξ, L¯η] = L¯[ξ,η]θ , [dθ, L¯ξ] = 0. (A.2)
Contravariant Affine Connection Let us introduce a notion of contravariant affine connec-
tion ∇¯ on the Lie algebroid Γ(T ∗M). It is defined as a map satisfying
∇¯fξη = f∇¯ξη, ∇¯ξ(fη) = (L¯ξf)η + f∇¯ξη, (A.3)
for any 1-forms ξ, η and function f . Thus, the covariant derivatives are global objects and
independent of our choice of local coordinates.
On some local patch {xi}, the connection above is specified by the coefficients
∇¯dxidxj = Γ¯ijk dxk, (A.4)
for one-form basis {dxi}. On another local patch, say {x′i}, we have another set of basis of
one-forms {dx′i}. For this basis, we introduce the coefficients Γ¯′ as
∇¯dx′adx′b ≡ (Γ¯′)abc dx′c. (A.5)
On the intersection of the two local patches {xi} and {x′i}, on the other, we also have
∇¯dx′adx′b = ∇¯ ∂x′a
∂xi
dxi
(
∂x′b
∂xj
dxj
)
=
∂x′a
∂xi
(
θij
∂2x′b
∂xj∂xk
+
∂x′b
∂xj
Γ¯ijk
)
dxk, (A.6)
with a use of (A.3) and (A.4). Then we can extract the behavior of the coefficients under
coordinate transformations. As usual, the coefficients do not behave as a tensor:
(Γ¯′)abc =
∂xk
∂x′c
∂x′a
∂xi
θij
∂2x′b
∂xj∂xk
+
∂x′a
∂xi
∂x′b
∂xj
∂xk
∂x′c
Γ¯ijk . (A.7)
This property (A.7) implies that the subtraction Γ¯(1)− Γ¯(2) of any two connections Γ¯(1) and Γ¯(2)
behaves as a tensor of type (2, 1), as long as the same Poisson tensor is utilized. And also the
trace of the connection coefficients {Γ¯aba } defines a tensor of type (1, 0), i.e. a vector field.
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Torsion and Curvature The torsion of a contravariant affine connection ∇¯ is defined by
T¯ (ξ, η) = ∇¯ξη − ∇¯ηξ − [ξ, η]θ. (A.8)
T¯ turns out to be a tensor of type (2, 1), since it satisfies T¯ (fξ, η) = fT¯ (ξ, η) = T¯ (ξ, fη).
The curvature of a contravariant affine connection ∇¯ is defined by
R¯(ξ, η)ζ = (∇¯ξ∇¯η − ∇¯η∇¯ξ − ∇¯[ξ,η]θ)ζ. (A.9)
It is easily shown that, for any functions f, g and h, it satisfies R¯(fξ, gη)(hζ) = fghR¯(ξ, η)ζ.
The curvature, together with the torsion tensor T¯ , satisfies the following Bianchi identities
S{R¯(ξ, η)ζ} = S{(∇¯ζ T¯ )(ξ, η) + T¯ (T¯ (ξ, η), ζ)}, (A.10)
S{(∇¯ζR¯)(ξ, η) + R¯(T¯ (ξ, η), ζ)} = 0, (A.11)
where S denotes the cyclic sum over ξ, η and ζ.
B Relation between (Contravariant) Levi-Civita Connections
The contravariant Levi-Civita connection is related to the usual Levi-Civita connection by
Γ¯ijk = Γ
j
mkθ
mi +Kijk , (B.1)
where Kijk is understood as a contravariant version of contorsion tensor
Kk
ij = GklK
lij, Kkij =
1
2
(
∇kθij −∇iθjk +∇jθki
)
. (B.2)
Here ∇ denotes the ordinary usual Levi-Civita connection. The raising and lowering of the
indices are done by the metric G and G−1 as usual, e.g. ∇i = Gij∇j. The contravariant
Riemann tensor in terms of the usual Levi-Civita connection and the contorsion tensor reads
R¯
kij
l = θ
imθnjRklmn − (∇nθij)Knkl + θnj∇nKikl − θni∇nKjkl +KjkmKiml −KikmKjml , (B.3)
where Rklmn is the ordinary Riemann tensor made out of the metric Gij . By using the expression
(B.3), the contravariant Ricci tensor and the scalar curvature are also written as
R¯kj = θlmθnjRklmn − (∇nθlj)Knkl + θnj∇n∇lθlk − θnl∇nKjkl +Kjkm∇lθlm −K lkmKjml ,
R¯ = θlmθnjRjlmn + 2θnm∇n∇lθlm −∇nθnm∇lθlm, (B.4)
where θij = GikGjlθ
kl.
C Computations on Two-dimensional Manifolds
Some straightforward but lengthy computations are presented.
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C.1 Calculation of Ricci Tensor
Since the Riemann tensor R¯ijkl have the same structure as R
i
jkl, the only independent component
of the Riemann tensor is
R¯1212 =
1
2
(detG)R¯, (C.1)
i.e.
R¯ijkl =
1
2
(GikGjl −GilGjk)R¯. (C.2)
This equation implies that the vacuum Einstein equation (3.11) is automatically satisfied.
The Ricci scalar in the usual covariant language is given by (B.4), i.e.
R¯ = θjkθliRijkl + 2θkj∇k∇iθij −∇kθkj∇iθij, (C.3)
where Rjlmn is the Riemann tensor made out of gij , ∇ denotes the usual Levi-Civita connection
and the indices are lowered by the Riemannian metric gij :
θ12 = G1iG2jθ
ij = (G11G22 −G12G21)θ12 = (detG−1)θ12, (C.4)
which implies
θij = ǫij(det g)θ = ǫij
√
gσ. (C.5)
Here we have introduced σ =
√
gθ.
In the following we demonstrate explicit computations of each terms in (C.3). We can see
immediately that the first term is
θjkθliRijkl =θ
2(detg)R. (C.6)
To calculate the second and third terms, we consider a covariant derivative acting on the Poisson
tensor:
∇kθij =∂kθij + Γiklθlj + Γjklθil
=(∂kσ)
1√
g
ǫij +
1√
g
(
− 1√
g
∂k
√
gǫij + Γikmǫ
mj + Γjkmǫ
im
)
. (C.7)
Since Γiklǫ
lj + Γjklǫ
il is antisymmetric under an exchange between i and j, we have the relation
Γiklǫ
lj + Γjklǫ
il = ǫijΓllk = ǫ
ij 1√
g
∂k
√
g. (C.8)
Therefore we find the covariant derivative on the Poisson tensor becomes
∇kθij = (∂kσ) 1√
g
ǫij. (C.9)
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Utilizing this, we have
∇kθij =GimGjn∇kθmn = ǫij√g∂kσ. (C.10)
Using above relations, we find the second and third terms in (C.3) become
θij∇i∇kθkj =σ∇i∂iσ,
∇iθij∇kθkj =∂iσ∂iσ. (C.11)
Therefore, we get an explicit form of the Ricci scalar in terms of σ:
R¯ = σ2R+ 2σ∇i∂iσ − ∂iσ∂iσ. (C.12)
C.2 Calculation of Weyl Transformation
In the following, we calculate GkjL¯
kij
i explicitly. On a two-dimensional manifold we find
GkjL¯
kij
i = Gkj(δ
j
iB
ik − 2Bjk −GjkGimBim + δjmBmk) = −2GijBij, (C.13)
where
GijB
ij = Gik
(
∇¯dxi(θkj∂jΩ)− (θij∂jΩ)(θkl∂lΩ) +
1
2
GikGjl(θ
jm∂mΩ)(θ
ln∂nΩ)
)
= ∇¯dxi(Gikθkj∂jΩ). (C.14)
Thus we see, with a use of (2.26),
1
2
eφ
√
gGkjL¯
kij
i = −eφ
√
g∇¯dxi(Gikθkj∂jΩ) (C.15)
= −∂i(eφ√gGikθkj∂jΩ). (C.16)
Hence an additional term in (4.11) induced by a Weyl transform is just a surface term for any
choice of Ω. Furthermore, in the case (4.12) we have
GijB
ij = θil∂l
(
Gik
σ
θkj∂jσ
)
+
1√
G−1
∂i(
√
G−1θil)Glkθkj
∂jσ
σ
. (C.17)
Here we utilized the fact ∇¯dxkGij = 0 and the formula (2.22). Substituting θij = 1√G−1σǫ
ij and
using ǫikǫjlGkl = G
−1Gij , we find that
GkjL¯
kij
i = 2G
ij∂iσ∂jσ − 2σGij∇i∂jσ, (C.18)
and then
1
2
eφ
√
gGkjL¯
kij
i =
√
g
1
σ2
(Gij∂iσ∂jσ − σGij∇i∂jσ). (C.19)
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